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THE Q-SHAPED DERIVED CATEGORY OF A RING —

COMPACT AND PERFECT OBJECTS

HENRIK HOLM AND PETER JØRGENSEN

Abstract. A chain complex can be viewed as a representation of a certain
self-injective quiver with relations, Q. To define Q, include a vertex qn and an
arrow qn

∂−→ qn−1 for each integer n. The relations are ∂2 = 0.

Replacing Q by a general self-injective quiver with relations, it turns out
that some of the key properties of chain complexes generalise. Indeed, consider
the representations of such a Q with values in AMod where A is a ring. We
showed in earlier work that these representations form the objects of the Q-
shaped derived category, DQ(A), which is triangulated and generalises the
classic derived category D(A). This follows ideas of Iyama and Minamoto.

While DQ(A) has many good properties, it can also diverge dramatically
from D(A). For instance, let Q be the quiver with one vertex q, one loop ∂, and
the relation ∂2 = 0. By analogy with perfect complexes in the classic derived
category, one may expect that a representation with a finitely generated free
module placed at q is a compact object of DQ(A), but we will show that this
is, in general, false.

The purpose of this paper, then, is to compare and contrast DQ(A) and
D(A) by investigating several key classes of objects: Perfect and strictly per-
fect, compact, fibrant, and cofibrant.

1. Introduction

A chain complex over a ring A can be viewed as an AMod-valued representation
of the quiver

(�1) Γ = · · · ∂
�� • ∂

�� • ∂
�� • ∂

�� · · ·
with the relations ∂2 = 0. Expressed more formally, the category of chain complexes
ChA can be identified with Q,AMod, the category of additive functors Q → AMod,
where Q is the path category of Γ with these relations.

A key property of Γ is that it is a self-injective quiver with relations; equivalently,
Q has a Serre functor (see 2.6). Following ideas of Iyama and Minamoto [24], [25],
we showed in [18] that many properties of chain complexes can be generalised to

Q,AMod when Q is another suitable category with a Serre functor. This permits
Q to be the path category of many different quivers with relations. Among them
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are cyclic quivers, like:
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and double quivers, like:

• �� •��
�� · · · ��

�� •��
�� •�� .

To wit, the following was proved in [18] when Q has a Serre functor.

• There is a notion of “quasi-isomorphism” in Q,AMod, which generalises
the usual notion of quasi-isomorphism in ChA. Inverting the quasi-isomor-
phisms in Q,AMod gives a category DQ(A), which we call the Q-shaped
derived category of A.

• DQ(A) is a triangulated category. If Q is the path category of (�1) with
the relations ∂2 = 0, then DQ(A) can be identified with the classic derived
category D(A).

• Q,AMod contains three classes of objects, E , ⊥E , and E ⊥, which generalise
the exact, semi-projective, and semi-injective complexes (see Example 3.3).

• These classes provide Q,AMod with two model category structures, which
generalise the standard projective and injective model category structures
on ChA (see 2.10).

• Either model category structure on Q,AMod has the associated homotopy
category Ho(Q,AMod) = DQ(A).

However, there are key properties of the (classic) derived category D(A) which do
not generalise to DQ(A), and the purpose of this paper is to compare and contrast
these categories by investigating several key classes of objects.

1.1 (Strictly perfect objects). Recall that a strictly perfect complex P is a bounded
complex of finitely generated projective modules. It is well-known that a strictly
perfect complex is compact in D(A), that is, HomD(A)(P,−) preserves set-indexed
coproducts. However, as shown in Theorem A.3, the corresponding property does
not always hold for DQ(A).

Theorem A. Let Q be the path category of the Jordan quiver

• ∂��

with the relation ∂2 = 0. There exists a commutative noetherian ring A and an
object

M = A x
��

in DQ(A) which is not compact in DQ(A), despite having the finitely generated
projective module A at the (unique) vertex.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

THE Q-SHAPED DERIVED CATEGORY — COMPACT OBJECTS 3097

Note that for this quiver, Q,AMod is the category of differential A-modules,
i.e. A-modules equipped with an endomorphism squaring to zero. Differential mod-
ules have been studied intensively in the literature, see for instance [1], but Theo-
rem A is new.

The object M in Theorem A is an obvious generalization of a strictly perfect
complex. Indeed, we will say that a functor K : Q → AMod in Q,AMod is strictly
perfect if it has finite support, that is, if the set suppK = {q ∈ Q | K(q) �= 0} is
finite, and the A-module K(q) is finitely generated and projective for each q ∈ Q
(see Definition 5.3). As shown by Theorem A, strictly perfect objects need not be
compact in DQ(A), but we do have the following (positive) result, which is proved
in Section 5. For the notion of cycles in the category Q, see Definition 5.13 under
the assumptions in Setup 2.9.

Theorem B. Assume Setup 2.9 and one of the next conditions:

(1) The category Q has no cycles, or
(2) The ring A has finite left global dimension.

The following assertions hold:

(a) Every strictly perfect object is compact in DQ(A).
(b) Every strictly perfect object is cofibrant in the projective model struc-
ture on Q,AMod; that is, every strictly perfect object is in ⊥E (see Defini-
tion 5.3).
(c) An object in DQ(A) is perfect if and only if it is isomorphic to a strictly
perfect object.

Notice that in the special case of chain complexes, the category Q has no cycles
and hence condition (1) in Theorem B holds. Also note that by condition (2) in
Theorem B, the ring in Theorem A must necessarily have infinite global dimension
(and, indeed, it has). We now turn to perfect objects in DQ(A), which are already
mentioned in part (c) of Theorem B.

1.2 (Perfect objects). Since strictly perfect objects in the category Q,AMod need
not be compact in DQ(A), we propose in 5.3 the following definition:

X ∈ DQ(A) is perfect ⇐⇒
{
There is an isomorphism X ∼= K in DQ(A)
for some strictly perfect object K ∈ ⊥E .

Observe that if condition (1) or (2) in Theorem B holds, then by part (c) of that
theorem, the perfect objects are just those which are isomorphic in DQ(A) to a
strictly perfect object.

With this definition, we show in Section 5 the following result where Dperf
Q (A) is

the class of perfect objects and DQ(A)c is the class of compact objects in DQ(A):

Theorem C. Assume Setup 2.9. There is an inclusion of triangulated subcategories
of the Q-shaped derived category of A,

Dperf
Q (A) ⊆ DQ(A)c.

Equality holds if and only if the subcategory Dperf
Q (A) is thick.

A triangulated subcategory of a triangulated category is called thick if it is
closed under direct summands (see also Definition 4.3). In the special case of
chain complexes, it is known that Dperf(A) is a thick subcategory of D(A); whence
equality holds in Theorem C. We conjecture that the same is true in general:
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Conjecture. Assume Setup 2.9. There is always an equality of triangulated sub-
categories of the Q-shaped derived category of A,

Dperf
Q (A) = DQ(A)c.

1.3 (Compact objects). The notion of (strictly) perfect objects aside, another main
result is the following, generalizing that the (classic) derived category is compactly
generated. This will be proved in Section 4 (the objects in the set S are defined in
2.8):

Theorem D. Assume Setup 2.9. Then DQ(A) is a compactly generated triangu-
lated category; in fact,

S =
{
Sq(A)

∣∣q ∈ Q
}

is a set of compact generators for DQ(A). In particular, one has

DQ(A) = Loc(S) and DQ(A)c = Thick(S).

1.4 (Cofibrant and fibrant objects). Our final main result concerns the two model
category structures on the functor category Q,AMod. In the projective model struc-
ture on Q,AMod, the class of cofibrant objects is ⊥E and in the injective model
structure the class of fibrant objects is E ⊥, see [18, Thm. 6.1]. The following shows
that over a ring with finite global dimension, it is possible to give hands-on descrip-
tions of these classes:

Theorem E. Assume Setup 2.9. There are inclusions:

⊥E ⊆ {X ∈ Q,AMod | X(q) ∈ APrj for all q ∈ Q} and

E ⊥ ⊆ {X ∈ Q,AMod | X(q) ∈ A Inj for all q ∈ Q},
and equalities hold if A has finite left global dimension.

In this theorem, APrj and A Inj denote the classes of projective and injective
left A-modules. Theorem E, which is proved in Section 3, generalises well-known
descriptions of semi-projective and semi-injective complexes over a ring with finite
left global dimension; see Avramov and Foxby [2] and Example 3.3 for further
details. By contrast, a complete understanding of ⊥E and E ⊥ is generally not
available, not even for chain complexes. An illustration of how complicated the
class ⊥E can be is found in Appendix A.

This concludes the introduction. In the next section we recap some main defini-
tions and results from [18] which are key to understanding the present paper.

2. Prerequisites

We start by recalling some general facts about (abelian) model categories.

2.1. Let W be a collection of morphisms in a category C. By definition, the lo-
calization of C with respect to W is a category C[W−1] together with a functor
C → C[W−1] satisfying the expected universal property; see for example Krause
[27, §1.1] or Weibel [34, §10.3]. There is a standard construction of the category
C[W−1] and the functor C → C[W−1] that always works if one ignores set-theoretical
difficulties. In this construction, the category C[W−1] has the same objects as C;
however, in general, the hom “sets” in C[W−1] need not be small, so the “category”
C[W−1] might not exist within the same set-theoretic universe as C. In the situ-
ation where C is a model category and W is the collection of weak equivalences
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in C (which is the situation of interest in this paper), the localization C[W−1] does
exist; it is called the homotopy category of C and denoted by Ho(C); see e.g. Hovey
[19, §1.2].

We assume that the reader has basic knowledge of cotorsion pairs ; in particular,
(s)he must know what a cotorsion pair is and what it means for such a pair to be
complete or hereditary. The book [14] (Chaps. 2 and 3) by Göbel and Trlifaj is
an excellent account on cotorsion pairs in module categories. Cotorsion pairs in
general abelian or exact categories are treated in various papers, see e.g. Saoŕın
and Šťov́ıček [33] and Gillespie [11, 12].

2.2. Let M be an abelian category. An abelian model structure on M is a model
structure compatible with the abelian structure in the sense of [20, Dfn. 2.1]. By
Thm. 2.2 in loc. cit. any abelian model structure on M corresponds to a triple
(Q,W ,R) of classes of objects in M for which W is thick and (Q ∩ W ,R) and
(Q,W∩R) are complete cotorsion pairs. Such a triple is called a Hovey triple in M;
in fact, Q is the class of cofibrant objects, R is the class of fibrant objects, and W is
the class of trivial objects, i.e. objects that are weakly equivalent to 0. If the complete
cotorsion pairs (Q∩W ,R) and (Q,W∩R) are hereditary, then (Q,W ,R) is called
a hereditary Hovey triple and the associated abelian model structure on M is called
a hereditary abelian model structure. In this case, the full subcategory Mcf = Q∩R
of cofibrant and fibrant (also called bifibrant) objects in M is a Frobenius exact cat-
egory whose class of pro-injective objects is Q∩W∩R, see Gillespie [12, Prop. 4.2].
The stable category Stab(Mcf) = (Q∩R)

/
(Q∩W ∩R) is by [12, Thm. 4.3] trian-

gulated equivalent to the homotopy category Ho(M) = M[{weak equivalences}−1];
in fact, the inclusion functor Mcf → M induces a triangulated equivalence,

(�2) Stab(Mcf)
�−→ Ho(M)

whose quasi-inverse is the bifibrant replacement functor RQ described in
[12, Lem. 2.5]: For X ∈ M write QX for a cofibrant replacement and RX for
a fibrant replacement of X. A bifibrant replacement of X is RQX. Note that
QX ∈ Q, RX ∈ R, and RQX ∈ Q ∩R.

As explained in Happel [15, Chap. I§2], the stable category of any Frobenius
category is triangulated in a canonical way, so the triangulated equivalence (�2)
provides a rather explicit description of the triangulated structure on Ho(M). This
will be useful for us.

We now give a brief summary of some definitions and results from [18], which
are key to this paper.

2.3 (Blanket assumption). Unless otherwise stated, k denotes in this paper any
commutative ring, Q any small k-preadditive category, and A any k-algebra.

2.4 (Notation). We will use the notation from [18]. In particular, AMod denotes
the category of left A-modules and Q,AMod is the category of k-linear functors
Q → AMod, see [18, Dfn. 3.1]. Further symbols along with references to where they
appear in [18] will follow.
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2.5. Recall from [18, Cor. 3.9] that for every q ∈ Q there is an adjoint triple
(Fq, Eq, Gq):

Q,AMod
Eq

��
AMod

Fq





Gq

��
given by

Fq(M) = Q(q,−)⊗k M

Eq(X) = X (q)

Gq(M) = Homk(Q(−, q),M)

for M ∈ AMod and X ∈ Q,AMod. Note that Eq is the evaluation functor at q.

Some of the definitions below are borrowed from Dell’Ambrogio, Stevenson, and
Šťov́ıček [6, Dfns. 4.1, 4.5 and Rmk. 4.7]. Note that Serre functors were originally
introduced by Bondal and Kapranov in [4] (in the case where k is a field). The
definitions play a key role in [18] and in the present work.

2.6. We consider the following conditions on k and Q (which may or may not
hold).

(1) Hom-finiteness: Each hom k-module Q(p, q) is finitely generated and
projective.
(2) Local boundedness: For each q ∈ Q there are only finitely many objects
in Q mapping nontrivially into or out of q, that is, the following sets are
finite:

N−(q) = {p ∈ Q | Q(p, q) �= 0} and

N+(q) = {r ∈ Q | Q(q, r) �= 0}.

(3) Existence of a Serre functor: There exists a k-linear autoequivalence
S : Q → Q and a natural isomorphism Q(p, q) ∼= Homk(Q(q, S(p)), k).
(4) Strong Retraction Property: For q ∈ Q the unit map k → Q(q, q) given
by x �→ x · idq has a k-module retraction; whence there is a k-module de-
composition:

Q(q, q) = (k · idq)⊕ rq.

Moreover, the k-submodules rq are compatible with composition in Q as
follows:
(†) rq ◦ rq ⊆ rq for all q ∈ Q.
(‡) Q(q, p) ◦Q(p, q) ⊆ rp for all p �= q in Q.

2.7. The Strong Retraction Property, i.e. condition (4) in 2.6, makes it possible
to define the pseudo-radical r. This important ideal in Q is explained in detail in
[18, Rmk. 7.4 and Lem. 7.7]. Using the pseudo-radical one can for every q ∈ Q
define stalk functors:

S〈q〉 = Q(q,−)/r(q,−) ∈ QMod and S{q} = Q(−, q)/r(−, q) ∈ ModQ,

see [18, Dfn. 7.9 and Lem. 7.10]. Using the stalk functors one can for each q ∈ Q
and i � 0 define (co)homology functors:

H
i
[q] = ExtiQ(S〈q〉, ?) and H

[q]
i = TorQi (S{q}, ?),

which are functors from Q,AMod to AMod; see [18, Dfn. 7.11].
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2.8. Assume that Q satisfies the Strong Retraction Property, i.e. condition (4) in
2.6. Recall from [18, Prop. 7.15] (see also Setup 7.13 in loc. cit.) that for every
q ∈ Q there is an adjoint triple (Cq, Sq,Kq):

AMod
Sq

��
Q,AMod

Cq





Kq

��
given by

Cq(X) = S{q} ⊗Q X

Sq(M) = S〈q〉 ⊗k M

Kq(X) = HomQ(S〈q〉, X)

for M ∈ AMod and X ∈ Q,AMod.

Many of the results in [18] and in this paper require the following setup.

Setup 2.9. The commutative ring k and the k-preadditive category Q from 2.3
satisfy:

• Q is Hom-finite, locally bounded, has a Serre functor, and has the Strong
Retraction Property, that is, all four conditions in 2.6 hold.

• The pseudo-radical r from 2.7 is nilpotent, that is, rN = 0 for some N ∈ N.
• The ring k is noetherian and hereditary (e.g. k is a field or k = Z).
• A can be any k-algebra.

Let us explain the importance and the power of this setup:

2.10. Assume Setup 2.9. In this case, there is by [18, Dfn. 4.1] an equality:

E = {X ∈ Q,AMod |X� has finite projective dimension in QMod}
= {X ∈ Q,AMod |X� has finite injective dimension in QMod},

where (−)� is the forgetful functor, see [18, Dfn. 3.2]. Objects in E are called exact
and the class E is by [18, Thm. 6.1] part of two different hereditary Hovey triples,

(Q,W ,R) = (⊥E , E ,Q,AMod) and (Q,W ,R) = (Q,AMod, E , E ⊥),

which, as explained in 2.2, yield two different model structures on Q,AMod:

• The projective model structure on Q,AMod where ⊥E is the class of cofi-
brant objects, E is the class of trivial objects, and every object is fibrant.

• The injective model structure on Q,AMod where E ⊥ is the class of fibrant
objects, E is the class of trivial objects, and every object is cofibrant.

These two model structures have by [18, Prop. 6.3] the same weak equivalences and
the associated homotopy category is, as in [18, Dfn. 6.4], denoted by

DQ(A) = Ho(Q,AMod).

It is called the Q-shaped derived category of A. By the general theory from 2.2,
the category ⊥E , respectively, E ⊥, is a Frobenius exact category whose class of
pro-injective objects is ⊥E ∩ E = Q,APrj (the projective objects in Q,AMod), re-
spectively, E ∩ E ⊥ = Q,A Inj (the injective objects in Q,AMod). As mentioned in
2.2 and recorded in [18, Thm. 6.5] there are equivalences of triangulated categories,

⊥E

Q,APrj
� DQ(A) � E ⊥

Q,A Inj
.

Finally, the (co)homology functors Hi
[q],H

[q]
i : Q,AMod → AMod from 2.7 detect

exact objects and weak equivalences in Q,AMod as described in [18, Thms. 7.1
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and 7.2]. In particular, the functors Hi
[q] and H

[q]
i map weak equivalences into

isomorphisms, and hence they induce well-defined functors on the Q-shaped derived
category DQ(A).

Not all results in this paper require the full strength of Setup 2.9; as the reader
will notice we sometimes only assume some of the conditions in 2.6. This is the
case e.g. Lemma 3.4 and Proposition 3.7, and it is also the case for a number of
results in Sections 4 and 5.

3. (Co)fibrant objects in Q,AMod

In general, the class ⊥E of cofibrant objects in the projective model structure
and the class E ⊥ of fibrant objects in the injective model structure on Q,AMod (see
2.10) are hard to perceive. The main purpose of this section is to prove Theorem E
from Section 1, which gives hands-on descriptions of the classes ⊥E and E ⊥ in
the case where A has finite global dimension. Theorem E is also an important
ingredient in the proof of Theorem B (from Section 1), which is established in
Section 5. Another goal in this section is Theorem 3.9, which shows how that
classes ⊥E and E ⊥ behave in short exact sequences.

To parse the next definition, recall from [16, 6.4 and 6.7] the definitions of filtra-
tions and cofiltrations with respect to some class of objects in an abelian category.

Definition 3.1. For a class C of objects in a bicomplete abelian category M we
set

Filt(C) = {M ∈ M | M has a C-filtration},
coFilt(C) = {M ∈ M | M has a C-cofiltration}.

This definition is important in the next result, and so are the (stalk) functors Sq

from 2.8. Furthermore, APrj and A Inj denote the classes of projective and injective
left A-modules.

Proposition 3.2. Assume Setup 2.9. The following assertions hold.

(a) With P = {Sq(P ) | q ∈ Q and P ∈ APrj} there are inclusions,

Filt(P) ⊆ ⊥E ⊆ {X ∈ Q,AMod | X(q) ∈ APrj for all q ∈ Q}.
(b) With I = {Sq(I) | q ∈ Q and I ∈ A Inj} there are inclusions,

coFilt(I) ⊆ E ⊥ ⊆ {X ∈ Q,AMod | X(q) ∈ A Inj for all q ∈ Q}.

Proof. (a): To prove the first inclusion, it suffices by Eklof’s lemma [16, Lem. 6.6]
to show that P is a subset of ⊥E . Let q ∈ Q and P ∈ APrj be given. Recall
from 2.8 that the functor Sq is exact with right adjoint Kq. The first right derived
functor R1Kq is the cohomology functor H1

[q] from 2.7. Thus, for every E ∈ E one
has R1Kq(E) = H1

[q](E) = 0 by [18, Thm. 7.1], and the first isomorphism below
now follows from [17, Lem. 1.3]. The second isomorphism holds as P ∈ APrj.

Ext1Q,A(Sq(P ), E) ∼= Ext1A(P,Kq(E)) ∼= 0.

This proves that Sq(P ) belongs to ⊥E , and hence P ⊆ ⊥E , as desired.
To prove the second inclusion, let X ∈ ⊥E and q ∈ Q be given. The evaluation

functor Eq at q has by 2.5 a right adjoint Gq, so there is a natural isomorphism,

HomA(X(q),−) = HomA(Eq(X),−) ∼= HomQ,A(X,Gq(−)).
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Thus, we must prove that the last functor above is exact. Let ξ = 0 → M ′ →
M → M ′′ → 0 be an exact sequence in AMod. As the category Q is assumed to be
Hom-finite, the functor Gq is exact by [18, Cor. 3.9(b)] and hence Gq(ξ) is an exact
sequence in Q,AMod. To prove exactness of the sequence HomQ,A(X,Gq(ξ)), it
suffices to argue that one has

(�3) Ext1Q,A(X,Gq(M
′)) = 0.

By the assumptions on Q, we can apply [18, Thm. 7.1 and Lem. 7.14(b)] to conclude
that Gq(M

′) ∈ E ; and since one has X ∈ ⊥E , it follows that (�3) holds.
(b): Dual to the proof of part (a). Note that instead of Eklof’s lemma [16,

Lem. 6.6] and [17, Lem. 1.3] one uses Trlifaj’s lemma [16, Lem. 6.8] and [17,
Lem. 1.2]. �

We are now in a position to prove Theorem E from Section 1.

Proof of Theorem E. The inclusions were established in Proposition 3.2. Now as-
sume that A has finite left global dimension. We only prove that the first inclusion
is an equality; a similar argument shows that the second inclusion is an equality.
Let X ∈ Q,AMod be an object that satisfies X(q) ∈ APrj for all q ∈ Q. We
must argue that X belongs to ⊥E . Since (⊥E , E ) is a complete cotorsion pair in

Q,AMod, see 2.10 (or [18, Thm. 5.5]), there exists an exact sequence,

(�4) 0 −→ E −→ P −→ X −→ 0

with P ∈ ⊥E and E ∈ E . The goal is to show that this sequence splits; this will
imply that X ∈ ⊥E since P ∈ ⊥E . We have P (q), X(q) ∈ APrj for all q ∈ Q
by Proposition 3.2(a) and by assumption. As the sequence 0 → E(q) → P (q) →
X(q) → 0 is exact, it follows that also E(q) ∈ APrj for all q ∈ Q.

At this point, we pause to make a general observation: Let n ∈ N0 be the left
global dimension of A. Evidently, the category AMod is locally n-Gorenstein in the
sense of [6, Dfns. 2.1 and 2.5], so by definition (see the remarks above [6, Thm. 4.6]),
this means that A is an n-Gorenstein algebra. Hence [6, Cor. 4.8]1 implies that an
object M ∈ Q,AMod is Gorenstein projective if and only if the A-module M(q) is
Gorenstein projective for every q ∈ Q. Since A has finite left global dimension, the
latter condition just means that M(q) ∈ APrj for every q ∈ Q, see [8, Prop. 10.2.3].

By the observation above, it follows that X, P , and E are Gorenstein projective
objects in Q,AMod. We will now show that E is even a projective object in Q,AMod.
Once this has been shown, it follows immediately from the definition of Gorenstein
projective objects, see [7, Dfn. 2.20], that Ext1Q,A(X,E) = 0, and thus (�4) will
split. We already know that E ∈ E . Thus, to show that E is projective, we need
by [18, Thms. 7.1 and 7.29] to argue that the A-module Cq(E) is projective for
every q ∈ Q, where Cq is the functor from 2.8. As E is a Gorenstein projective
object in Q,AMod there is, by definition, an exact sequence,

(�5) 0 −→ E −→ P 0 −→ · · · −→ Pn−1 −→ E′ −→ 0

in Q,AMod where each P i is projective (and E′ is Gorenstein projective, but that
is not important here). By another application of [18, Thms. 7.1 and 7.29], each

1Note that [6, Cor. 4.8] deals with A⊗Q-modules M , i.e. k-linear functors M : A⊗Q → kMod,
where A ⊗ Q is the extension of Q by A defined above [6, Thm. 4.6]. However, it is easy to see
that the category A⊗QMod of A ⊗ Q-modules is equivalent to the category Q,AMod of k-linear

functors Q → AMod.
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P i belongs to E , and hence E′ belongs to E by the last assertion in [18, Thm. 4.4].
Now fix q ∈ Q. The right exact functor Cq is, in general, not exact; indeed, its ith
left derived functor LiCq is the homology functor H[q]

i from 2.7. Since E′ is in E we

have LiCq(E
′) = H

[q]
i (E′) = 0 for all i > 0 by [18, Thm. 7.1], and thus (�5) does,

in fact, induce an exact sequence,

0 −→ Cq(E) −→ Cq(P
0) −→ · · · −→ Cq(P

n−1) −→ Cq(E
′) −→ 0,

of left A-modules. Each module Cq(P
i) is projective by [18, Thm. 7.29], and the

module Cq(E
′) has projective dimension at most n (= the left global dimension of

A). The exact sequence therefore shows that Cq(E) is projective, as desired. �

Example 3.3. Consider the situation whereQ is the mesh category of the repetitive
quiver of �A2 = • → •; in other words, Q is the path category of the quiver (�1) with
the relations ∂2 = 0. In this case, Q,AMod is equivalent to the category ChA of
(chain) complexes of left A-modules, see [18, Rmk. 8.5 and Exa. 8.13]. For the class
E one has:

E = {exact (or acyclic) complexes},
⊥E = {semi-projective (or DG-projective) complexes}, and

E ⊥ = {semi-injective (or DG-injective) complexes}.

Indeed, the first equality follows easily from [18, Thm. 7.1] and the other two follow
from Garćıa Rozas [10, Props. 2.3.4 and 2.3.5].

In this case, the class P from Proposition 3.2 is just {ΣqP | q ∈ Z and P ∈ APrj},
where Σ is the shift functor on Ch A. It is easily seen that every bounded below
complex of projective A-modules, P• = · · · → Pu+2 → Pu+1 → Pu → 0 → 0 → 0 →
· · · , is in Filt(P). Hence every such complex is semi-projective by the first inclusion
in part (a) of Proposition 3.2. Similarly, the first inclusion in part (b) of the same
result shows that every bounded above complex of injective A-modules, I• = · · · →
0 → 0 → 0 → Iv → Iv−1 → Iv−2 → · · · , is semi-injective. This is of course
well-known. The second inclusions in parts (a) and (b) of Proposition 3.2 assert
that every semi-projective/injective complex must consist of projective/injective
modules, which is also well-known. Theorem E in Section 1 shows that over a ring
with finite global dimension, a semi-projective/injective complex is nothing but a
complex consisting of projective/injective modules. This special case of Theorem E
can be found in [2, Prop. 3.4] by Avramov and Foxby. Applications of their result
(and related results) can be found in [21, 22] by Iacob and Iyengar.

An important fact, which we shall now prove, is that when Q is Hom-finite and
has a Serre functor, the family {Fq}q∈Q is just a permutation of the family {Gq}q∈Q,
see 2.5.

Lemma 3.4. Assume that Q is Hom-finite and has a Serre functor, i.e. conditions
(1) and (3) in 2.6 hold. For every q ∈ Q there is a natural isomorphism of functors
G S(q)

∼= Fq.
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Proof. Let q ∈ Q be given. For every M ∈ AMod and p ∈ Q one has the following
isomorphisms of left A-modules:

G S(q)(M)(p) ∼= Homk(Q(p, S(q)),M)

∼= Homk(Q(p, S(q)), k)⊗k M

∼= Q(q, p)⊗k M

∼= Fq(M)(p).

In this computation, the first and last isomorphisms hold by the definitions of
the functors G S(q) and Fq, see 2.5. The second isomorphism is induced by the
so-called tensor evaluation map, which in this case is an isomorphism as the k-
module Q(p, S(q)) is finitely generated and projective by Hom-finiteness of Q. This
isomorphism can easily be proved but it can also be found in e.g. [23, Lem. 1.1]. The
third isomorphism holds by the definition of the Serre functor. All the isomorphisms
above are natural in p and M . �

Definition 3.5. A family {Xi}i∈I of objects in Q,AMod is called locally finite if
for each q ∈ Q the set {i ∈ I | Xi(q) �= 0} is finite.

Lemma 3.6. If {Xi}i∈I is a locally finite family of objects in Q,AMod, then there
is an isomorphism

⊕
i∈I Xi

∼=
∏

i∈I Xi.

Proof. Straightforward. �

Proposition 3.7. Assume that Q is locally bounded, that is, condition (2) in 2.6
holds. For every family {Mq}q∈Q of objects in AMod, there are isomorphisms:⊕

q∈Q Fq(Mq) ∼=
∏

q∈Q Fq(Mq) and
⊕

q∈Q Gq(Mq) ∼=
∏

q∈Q Gq(Mq).

Proof. By Lemma 3.6 it suffices to argue that the families {Fq(Mq)}q∈Q and
{Gq(Mq)}q∈Q are locally finite. We only consider the first family. It must be
proved that for every r ∈ Q the set {q ∈ Q|Fq(Mq)(r) �= 0} is finite. By definition
one has Fq(Mq)(r) = Q(q, r)⊗k Mq, see 2.5, so the desired conlusion follows from
the local boundedness of Q, which yields that the set N−(r) = {q ∈ Q | Q(q, r) �= 0}
is finite. �

Definition 3.8. A short exact sequence ξ = 0 → X ′ → X → X ′′ → 0 in Q,AMod
is said to be objectwise split if the sequence Eq(ξ) = ξ(q) = 0 → X ′(q) → X(q) →
X ′′(q) → 0 splits in AMod for every object q ∈ Q.

We end by proving Theorem 3.9 announced in the beginning of this section. This
result plays an important role in the proof of Proposition 5.11, which yields certain
canonical conflations in the exact categories ⊥E and E ⊥.

Theorem 3.9. Assume that Setup 2.9 holds and let ξ = 0 → X ′ → X → X ′′ → 0
be a short exact sequence in Q,AMod. For the class ⊥E the following assertions
hold:

(a) Assume that X ′′ ∈ ⊥E . One has X ′ ∈ ⊥E if and only if X ∈ ⊥E .
(b) Assume that ξ is objectwise split. If one has X ′, X ∈ ⊥E , then X ′′ ∈ ⊥E .

Dually, for the class E ⊥ the following assertions hold:

(c) Assume that X ′ ∈ E ⊥. One has X ∈ E ⊥ if and only if X ′′ ∈ E ⊥.
(d) Assume that ξ is objectwise split. If one has X,X ′′ ∈ E ⊥, then X ′ ∈ E ⊥.
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Proof. Parts (a) and (c) follow immediately from the fact that the cotorsion pairs
(⊥E , E ) and (E , E ⊥) are hereditary, see 2.10 (or [18, Thm. 4.4]). It remains to
show parts (b) and (d); we only prove (b) as the proof of (d) is dual. Write α
for the monomorphism X ′ → X in the given exact sequence ξ. By assumption,
α(q) is split monic in AMod for every q ∈ Q and the objects X ′ and X belong
to ⊥E . It must be shown that Ext1Q,A(X

′′, E) = 0 holds for every E ∈ E . Fix
E ∈ E . Application of the functor HomQ,A(−, E) to the sequence ξ yields an exact
sequence,

HomQ,A(X,E)
HomQ, A(α,E)

�� HomQ,A(X
′, E)

�� Ext1Q,A(X
′′, E) �� Ext1Q,A(X,E) = 0,

so it suffices to argue that the homomorphism HomQ,A(α,E) is surjective. The
category Q,AMod has enough projectives, see e.g. [18, Prop. 3.12], so there exists
an exact sequence 0 → E′ → P

π−→ E → 0 with P projective. As P ∈ Q,APrj ⊆ E
it follows from [18, Thm. 4.4] that E′ ∈ E . Application of HomQ,A(X

′,−) to this
sequence yields an exact sequence,

HomQ,A(X
′, P )

HomQ,A(X′,π)
�� HomQ,A(X

′, E) �� Ext1Q,A(X
′, E′) = 0 ,

so the map HomQ,A(X
′, π) is surjective. In view of this and of the commutative

diagram

HomQ,A(X,P )

HomQ,A(α,P )

��

HomQ,A(X,π)
�� HomQ,A(X,E)

HomQ, A(α,E)

��

HomQ,A(X
′, P )

HomQ,A(X′, π)
�� �� HomQ,A(X

′, E),

surjectivity of HomQ,A(α,E) will follow if we can prove surjectivity of
HomQ,A(α, P ). Recall from [18, Prop. 3.12(a)] that {Fq(A)}q∈Q is a family of
projective generators of Q,AMod, and hence the projective object P is a direct

summand in an object of the form
⊕

q∈Q Fq(A)(Iq) for suitable index sets Iq. Note
that one has⊕

q∈Q Fq(A)(Iq) ∼=
⊕

q∈Q Fq(A
(Iq)) ∼=

∏
q∈Q G S(q)(A

(Iq)).

The first isomorphism holds as each functor Fq preserves coproducts; indeed, Fq

is a left adjoint by 2.5. The second isomorphism follows from Lemma 3.4 and
Proposition 3.7. These considerations, and the fact that the functor HomQ,A(α,−)
preserves products, show that without loss of generality we may assume that P has
the form P = Gp(A

(I)) for some object p ∈ Q and index set I. Set M = A(I) and
note that one has

HomQ,A(α, P ) = HomQ,A(α,Gp(M)) ∼= HomA(α(p),M)

since Gp is right adjoint of the evaluation functor at p, see 2.5. By assumption,
α(p) is split monic, and hence HomA(α(p),M) is (split) surjective, as desired. �
Remark 3.10. Easy examples show that the conclusions in parts (b) and (d) in
Theorem 3.9 fail if the exact sequence ξ is not objectwise split.
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4. Compact objects in DQ(A)

The purpose of this section is to prove Theorem D from Section 1. We will
obtain this theorem as a special case of Theorem 4.5, which is akin to Hovey’s
[19, Cor. 7.4.4].

We begin with a familiar looking Ext-formula for the hom sets in the homotopy
category of an abelian model category. This formula can certainly be found in
various special cases in the literature. Even in the generality below, the formula is
probably known to the experts; however, since we were not able to find a reference,
we have included a proof. To parse the result, recall from 2.2 that R and Q denote
the fibrant and cofibrant replacement functors.

Proposition 4.1. Let M be an abelian category equipped with a hereditary abelian
model structure. Consider the associated triangulated homotopy category Ho(M)
whose translation functor we denote by Σ. For every X,Y ∈ M and n > 0 there
are isomorphisms:

HomHo(M)(Σ
−nX,Y ) ∼= ExtnM(RQX,RQY ) ∼= HomHo(M)(X,ΣnY ).

Proof. Since Σ is an autoequivalence on Ho(M), the abelian groups
HomHo(M)(Σ

−nX,Y ) and HomHo(M)(X,ΣnY ) are isomorphic, so we only need
to prove the second of the asserted isomorphisms. Let (Q,W ,R) be the hereditary
Hovey triple that corresponds to the given hereditary abelian model structure on
M via [20, Thm. 2.2]. As explained in 2.2, the bifibrant replacement functor RQ
yields a triangulated equivalence Ho(M) → Stab(Mcf). We will use the standard
notation HomM for the hom-sets in the stable category, that is, for bifibrant objects
A and B in M one has

(�6) HomM(A,B) = HomM(A,B)
/
I(A,B),

where I(A,B) is the subgroup of HomM(A,B) consisting of morphisms A → B in
M that factor through some object in Q∩W ∩R. As RQ : Ho(M) → Stab(Mcf)
is a triangulated equivalence there is an isomorphism,

HomHo(M)(X,ΣnY ) ∼= HomM(RQX,ΣnRQY ),

for every X,Y ∈ M and n ∈ Z. In view of this isomorphism, the second isomor-
phism in the proposition will follow if we can establish an isomorphism

(�7) HomM(A,ΣnB) ∼= ExtnM(A,B)

for all objects A,B ∈ Q ∩R (for example A = RQX and B = RQY ) and n > 0.
To establish the isomorphism (�7), we start with the case n = 1. By definition of

the translation functor Σ in the stable category of a Frobenius category, see Happel
[15, Chap. I§2], the (translated) object ΣB ∈ Q∩R fits into a short exact sequence
in M,

(�8) 0 �� B �� W
θ

�� ΣB �� 0 ,

where W is in Q∩W∩R. Application of the functor HomM(A,−) to this sequence
yields the exact sequence

HomM(A,W )
HomM(A,θ)

�� HomM(A,ΣB) �� Ext1M(A,B) �� Ext1M(A,W ) = 0 ;
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here Ext1M(A,W ) is zero as (Q,W∩R) is a cotorsion pair, A is in Q∩R ⊆ Q, and
W is in Q ∩W ∩ R ⊆ W ∩R. Thus, Ext1M(A,B) is the cokernel of HomM(A, θ)
and the isomorphism (�7), still for n = 1, will follow if we can show the equality

Im HomM(A, θ) = I(A,ΣB).

The inclusion “⊆” is clear as W belongs to Q∩W∩R. Conversely, let α : A → ΣB
be any morphism that factors through an object in Q ∩W ∩ R, i.e. there is some
factorization,

A

ϕ




α
�� ΣB

V
ψ

��

with V ∈ Q∩W∩R. Application of the functor to HomM(V,−) to the short exact
sequence (�8) yields an exact sequence

HomM(V,W )
HomM(V,θ)

�� HomM(V,ΣB) �� Ext1M(V,B) = 0 ;

here Ext1M(V,B) is zero since (Q ∩ W ,R) is a cotorsion pair, V is in Q ∩ W ∩
R ⊆ Q ∩ W , and B is in Q ∩ R ⊆ R. Thus the homomorphism HomM(V, θ) is
surjective, so there exists a morphism ω : V → W in M with θω = ψ. Therefore
α = ψϕ = θωϕ = HomM(A, θ)(ωϕ). This proves the other inclusion “⊇” and hence
the isomorphism in (�7) is proved for n = 1.

Now assume, by induction, that for some n > 0 an isomorphism (�7) exists for
every A,B ∈ Q∩R. As also ΣB belongs to Q∩R, the induction hypothesis yield:

(�9) HomM(A,Σn+1B) ∼= HomM(A,ΣnΣB) ∼= ExtnM(A,ΣB).

Moreover, by applying HomM(A,−) to the short sequence (�8) we get an exact
sequence

0 = ExtnM(A,W ) �� ExtnM(A,ΣB) �� Extn+1
M (A,B) �� Extn+1

M (A,W ) = 0 ;

note that ExtiM(A,W ) = 0 for all i � 1 as (Q,W ∩ R) is a hereditary cotor-
sion pair, A is in Q ∩ R ⊆ Q, and W is in Q ∩ W ∩ R ⊆ W ∩ R. Hence
ExtnM(A,ΣB) ∼= Extn+1

M (A,B), which in combination with (�9) yields an isomor-

phism HomM(A,Σn+1B) ∼= Extn+1
M (A,B). �

Next we recall some standard definitions.

Definition 4.2. Let A be an additive category (e.g. an abelian or a triangulated
category) with set-indexed coproducts. An object C ∈ A is called compact if the
functor HomA(C,−) preserves coproducts, that is, if the canonical map⊕

i∈I HomA(C,Xi) −→ HomA(C,
⊕

i∈I Xi)

is an isomorphism for every (set-indexed) family {Xi}i∈I of objects in A. We set

Ac =
{
C ∈ A

∣∣ C is compact
}
.

Definition 4.3. Let T be a triangulated category with set-indexed coproducts.

• One says that T is compactly generated if there exists a set (as opposed to
a proper class) S of compact objects in T with the property that the only
object X ∈ T that satisfies HomT (S,X) = 0 for every S ∈ S is X = 0. See
Neeman [29, Dfn. 1.7].
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Next, let S be a triangulated subcategory of T .

• One says that S is thick (or épaisse) if it is closed under direct summands
in T . See Neeman [30, Dfn. 2.1.6] (and Rickard [31, Prop. 1.3]).

• One says that S is localizing if it is closed under coproducts in T . Such a
subcategory is thick, see Bökstedt and Neeman [3, Dfn. 1.3, Rmk. 1.4, and
Prop. 3.2].

Finally, let S be any collection (usually a set) of objects in T .

• Write Thick(S) for the thick subcategory generated by S, that is, the small-
est thick triangulated subcategory of T containing S.

• Write Loc(S) for the localizing subcategory generated by S, that is, the
smallest localizing triangulated subcategory of T containing S.

The next two results, Lemma 4.4 and Theorem 4.5, are akin to Hovey’s [19,
Thm. 7.4.3 and Cor. 7.4.4]. Our proof of Theorem 4.5 uses the Ext-formula from
Proposition 4.1.

Lemma 4.4. Let M be a cocomplete abelian category equipped with a hereditary
abelian model structure, and assume that the class R of fibrant objects is closed
under coproducts in M (for example, if R = M). Let C be an object in M that
is both cofibrant and fibrant. If C is compact in M, then C is also compact in the
homotopy category Ho(M).

Proof. Let (Q,W ,R) be the hereditary Hovey triple that corresponds to the given
hereditary abelian model structure on M. As the object C ∈ M is both cofibrant
and fibrant, it can be viewed as an object in the stable category Stab(Mcf) =
(Q∩R)

/
(Q∩W ∩R). As this category is equivalent to Ho(M), it suffices to show

that compactness of C in M implies compactness of C in Stab(Mcf). Let {Xi}i∈I

be any family of objects in Q ∩ R. Assuming that C is compact in M, we know
that the canonical homomorphism

(�10) σ :
⊕

i∈I HomM(C,Xi) −→ HomM(C,
⊕

i∈I Xi)

is bijective. By definition, σ is given by (αi)i∈I �→
∑

i∈I ιi αi where ιj : Xj →⊕
i∈I Xi is the canonical injection. Recall that in any model category, the class Q

of cofibrant objects is closed under coproducts while the class R of fibrant objects
is closed under products. We have assumed that R is closed under coproducts in
M, and hence so is the intersection Q ∩ R. The class Q ∩ W ∩ R is also closed
under coproducts in M. Indeed, R is closed under coproducts by assumption,
and Q ∩W is closed under coproducts as it is equal to ⊥R, see 2.2. This implies
that the coproduct of the family {Xi}i∈I computed in Stab(Mcf) is just

⊕
i∈I Xi,

i.e. the coproduct in M, and the canonical injections are [ιj ] : Xj →
⊕

i∈I Xi, where
[ · ] : Q ∩ R → Stab(Mcf) denotes the canonical functor. Consequently, for the
category A = Stab(Mcf), the canonical homomorphism from Definition 4.2 takes
the form

τ :
⊕

i∈I HomM(C,Xi) −→ HomM(C,
⊕

i∈I Xi) given by

([αi])i∈I �−→
∑

i∈I [ιi][αi] =
[∑

i∈I ιi αi

]
.

Here we have used the same notation as in the proof of Proposition 4.1, see (�6).
We want to show that τ is an isomorphism. In view of the definitions of τ and
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the hom-sets HomM, this amounts to showing that the isomorphism σ from (�10)
restricts to an isomorphism

σ :
⊕

i∈I I(C,Xi) −→ I(C,
⊕

i∈I Xi).

This is straightforward to prove and left to the reader. �

Theorem 4.5. Let M be a cocomplete abelian category equipped with a hereditary
abelian model structure induced by the Hovey triple (Q,W ,R). Assume that:

(1) The model structure is projective, i.e. one has R = M.
(2) The cotorsion pair (Q,W) is generated by a set of compact objects in
M, i.e. there exists a subset S ⊆ Mc with S⊥ = W.

In this case, the homotopy category of M is a compactly generated triangulated
category; in fact, S is a set of compact objects in Ho(M) that generates Ho(M).
In particular,

Ho(M) = Loc(S) and Ho(M)c = Thick(S).

Proof. First observe that S is contained in Q since S⊥ = W implies that S ⊆
⊥(S⊥) = ⊥W = Q. Evidently, S is also contained in R = M. We have assumed
that S ⊆ Mc, so Lemma 4.4 implies that S is a set of compact objects in Ho(M).
To see that S generates Ho(M), in the sense of Definition 4.3, note that for every
S ∈ S and Y ∈ M one has:

HomHo(M)(S, Y ) ∼= HomHo(M)(S,Σ(Σ
−1Y )) ∼= Ext1M(S,Q(Σ−1Y )).

Indeed, the first isomorphism is trivial and the second follows from Proposition 4.1,
where it has been used that every object in M is a fibrant replacement of itself
(since R = M) and S is a cofibrant replacement of itself (since S ⊆ Q). Thus, if
HomHo(M)(S, Y ) = 0 holds for every S ∈ S, then Q(Σ−1Y ) belongs to S⊥ = W , and
hence one has Q(Σ−1Y ) = 0 in Ho(M). But in Ho(M) there is an isomorphism
Q(Σ−1Y ) ∼= Σ−1Y , and consequently Σ−1Y = 0 in Ho(M), which implies that
Y = 0. This proves that S generates Ho(M).

The last assertion is now an immediate consequence of Neeman [29, Thm. 2.1].
�

To parse the next result, recall that the definition of the (co)homology functors
from 2.7 only requires the Strong Retraction Property (condition (4) in 2.6). Recall
also the functors Cq and Kq from 2.8.

Proposition 4.6. Assume that Q is Hom-finite, locally bounded and satisfies the
Strong Retraction Property, i.e. conditions (1), (2), and (4) in 2.6 hold, and that
k is noetherian. For every q ∈ Q and i � 0 the (co)homology functors

H
i
[q], H

[q]
i : Q,AMod −→ AMod

preserve products and filtered colimits. In particular, the left adjoint functor Cq

preserves products and right adjoint functor Kq preserves filtered colimits.

Proof. Under the given assumptions [18, Lem. 5.6] shows that the Grothendieck
categories QMod and ModQ are locally noetherian; in fact, {Q(p,−)}p∈Q and
{Q(−, p)}p∈Q are generating families of noetherian projective objects in these cat-
egories. Thus, the noetherian objects S〈q〉 ∈ QMod and S{q} ∈ ModQ from 2.7
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have projective resolutions,

P• = · · · −→ P1 −→ P0 −→ 0 in QMod

and P ′
• = · · · −→ P ′

1 −→ P ′
0 −→ 0 in ModQ,

where each Pi and each P ′
i is a finite direct sum of representable objects, that is,

objects of the form Q(p,−) and Q(−, p), respectively. By the Yoneda isomorphisms
[26, eq. (3.10)] the functors HomQ(Q(p,−), ?) and Q(−, p)⊗Q ? are both naturally
isomorphic to the evaluation functor Ep(?) : Q,AMod → AMod from 2.5, which
evidently preserves all limits and colimits. It follows that for every i � 0 the
functors HomQ(Pi, ?) and P ′

i ⊗Q ? preserve all limits and colimits and hence so does
the functors HomQ(P•, ?) and P ′

• ⊗Q ?, which goes from Q,AMod to the category
ChA of chain complexes of left A-modules. Since homology H∗ : ChA → AMod
preserves products and filtered colimits, it follows that the functors

H
i
[q] = ExtiQ(S〈q〉, ?) = H−iHomQ(P•, ?)

and H
[q]
i = TorQi (S{q}, ?) = Hi(P

′
• ⊗Q ?)

preserve products and filtered colimits too. The last assertion in the proposition
now follows immediately as one has Cq = H

[q]
0 and Kq = H

0
[q] by definition. �

Remark 4.7. Let M be a Grothendieck category. Following Gillespie [13, Dfn. 3.1],
an object F ∈ M is said to be of type FP∞ if the functors ExtiM(F,−) preserve
filtered colimits for all i � 0. Evidently, every such object is also compact in the
sense of Definition 4.2.

As mentioned in the proof above, the category QMod is locally noetherian and
the object S〈q〉 is noetherian (under the assumptions in Proposition 4.6). Thus

[13, Thm. 3.17] shows that S〈q〉 is of type FP∞, and hence H
i
[q] = ExtiQ(S〈q〉, ?)

preserves filtered colimits for every i � 0. So part of the statement in Proposition
4.6 follows directly from [13].

Corollary 4.8. Adopt the assumptions from Proposition 4.6. If M ∈ AMod is
finitely generated, then Sq(M) is a compact object in Q,AMod for every q ∈ Q.

Proof. Fix q ∈ Q. By 2.8 there is a natural isomorphism,

(�11) HomQ,A(Sq(M),−) ∼= HomA(M,Kq(−)).

The functor Kq preserves coproducts by Proposition 4.6, and HomA(M,−) pre-
serves coproducts as M is finitely generated. Thus, the functor in (�11) preserves
coproducts. �

We are now in a position to prove Theorem D from Section 1.

Proof of Theorem D. We will apply Theorem 4.5 to the abelian category M =

Q,AMod equipped with the projective model structure corresponding to the hered-
itary Hovey triple

(Q,W ,R) = (⊥E , E ,M),

see 2.10. It remains to verify condition (2) in Theorem 4.5. We have S ⊆ Mc by
Corollary 4.8. Furthermore, for every X ∈ M = Q,AMod and q ∈ Q there are
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isomorphisms:

Ext1Q,A(Sq(A), X) ∼= Ext1Q,A(S〈q〉 ⊗k A,X)

∼= Ext1Q(S〈q〉, X�)

∼= H
1
[q](X

�)

∼= H
1
[q](X)�.

Indeed, the 1st isomorphism holds by definition, see 2.8. By [18, Lem. 7.10], the
stalk functor S〈q〉 : Q → kMod satisfies S〈q〉(p) ∈ kPrj ⊆ kGPrj for every p ∈ Q.
Hence S〈q〉 is a Gorenstein projective object in QMod by [18, Thm. 2.7]; in symbols:
S〈q〉 ∈ QGPrj. Thus, the 2nd isomorphism above follows from [18, Lem. 4.3(a)].
The 3rd and 4th isomorphisms hold by [18, Dfn. 7.11 and Rmk. 7.12]. From these
isomorphisms the first equivalence below follows; the second equivalence holds by
[18, Thm. 7.1]:

Ext1Q,A(Sq(A), X) = 0 for each q ∈ Q ⇐⇒ H
1
[q](X) = 0 for each q ∈ Q

⇐⇒ X ∈ E .

Consequently, one has S⊥ = E = W , as desired. �

5. Perfect objects in DQ(A)

In this section, we introduce perfect objects and compare them to compact ob-
jects.

Definition 5.1. The support of an object X in Q,AMod is defined as

suppX = {q ∈ Q | X(q) �= 0};
it is a subset of Ob(Q). We say that X has finite support if suppX is a finite set.

The next lemma follows immediately from the definition.

Lemma 5.2. For every short exact sequence 0 → X ′ → X → X ′′ → 0 in Q,AMod
one has

suppX = suppX ′ ∪ suppX ′′.

Thus, the class of objects in Q,AMod with finite support is a Serre subcategory. �

Definition 5.3. We introduce the following notions.

• An object K in Q,AMod is called strictly perfect if it has finite support
and K(q) is a finitely generated projective left A-module for every q ∈ Q.
We set

Q,AK =
{
K ∈ Q,AMod

∣∣ K is strictly perfect
}
.

• Assume Setup 2.9. An object X in DQ(A) is called perfect if it has a
strictly perfect cofibrant replacement in the projective model structure on

Q,AMod; that is:

X is perfect ⇐⇒
{
There is an isomorphism X ∼= K in DQ(A)
for some object K ∈ ⊥E ∩ Q,AK.

We set

Dperf
Q (A) =

{
X ∈ DQ(A)

∣∣ X is perfect
}
.
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Example 5.4. As mentioned in Section 1: In the special case of chain complexes,
strictly perfect objects are bounded complexes of finitely generated modules.

Beware that a strictly perfect object need not be perfect; see Theorem A.3 for
a counterexample. On the positive side, one does have Theorem B (part (c)) from
Section 1, which will be proved later in this section.

The next result follows immediately from Lemma 5.2 and the definition, 5.3, of
strictly perfect objects.

Lemma 5.5. Let 0 → X ′ → X → X ′′ → 0 be an exact sequence in Q,AMod with
X ′′ ∈ Q,AK. Then one has X ′ ∈ Q,AK if and only if X ∈ Q,AK. �

Construction 5.6. Consider the adjoint triple from 2.5. We introduce the nota-
tion:

• εq for the counit of the adjunction (Fq, Eq).
• ηq for the unit of the adjunction (Eq, Gq).

Consider the endofunctors on the category Q,AMod given by

F =
⊕

q∈Q FqEq and G =
∏

q∈Q GqEq.

By the universal properties of coproducts and products, there exist unique mor-
phisms ε and η in Q,AMod that make the diagrams

(�12)

FpEp

ιp

��

εp

����
���

���
���

��

F =
⊕

q∈Q FqEq ε
�� Id

and

GpEp

πp

��

Id

ηp

�������������
η

��
∏

q∈Q GqEq = G

commutative for every p ∈ Q; here ιp is the injection, πp is the projection, and Id
denotes the identity functor on Q,AMod. We set

K = Ker ε and C = Cok η,

which are also endofunctors on Q,AMod.

Proposition 5.7. With the notation from Construction 5.6 one has short exact
sequences of endofunctors on Q,AMod,

F = 0 �� K �� F
ε
�� Id �� 0 and G = 0 �� Id

η
�� G �� C �� 0 .

For every object X in Q,AMod, the short exact sequences F(X) and G(X) in

Q,AMod are objectwise split (see Definition 3.8).

Proof. We only prove the assertions about the sequence F as the sequence G can
be handled similarly. For every X in Q,AMod, Construction 5.6 yields an exact
sequence

0 �� K(X) �� F(X)
εX

�� X .

Here we have used the notation εX instead of ε(X). We must prove that εX is epic,
i.e. the morphism εX(p) in AMod is epic for every p ∈ Q. We will even show that
εX(p) is split epic, which also takes care of the last assertion in the lemma. By
evaluating the leftmost diagram in (�12) at X and applying the functor Ep to the
resulting diagram, one gets

(�13) Ep(ε
X) ◦ Ep(ι

X
p ) = Ep(ε

X
p ).
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Let ζp be the unit of the adjunction (Fp, Ep). By the triangle (or the zigzag)
identities for adjoint functors, see [28, Chap. IV.1, Thm. 1(ii)], the composite

Ep

ζpEp
�� EpFpEp

Epεp
�� Ep

is the identity transformation on Ep, so the morphism ζ
Ep(X)
p is a right inverse of

Ep(ε
X
p ). Combined with identity (�13), it follows that the composite Ep(ι

X
p )◦ζ Ep(X)

p

is a right inverse of the morphism Ep(ε
X) = εX(p), as desired. �

Lemma 5.8. Assume that Q is Hom-finite and locally bounded, i.e. Q satisfies con-
ditions (1) and (2) in 2.6. For every object X ∈ Q,AMod the following assertions
hold.

(a) If X has finite support, then F(X), G(X), K(X), and C(X) have finite
support.
(b) If X belongs to Q,AK, then F(X), G(X), K(X), and C(X) belong to

Q,AK.
(c) If X belongs to Q,AK, then F(X) is a finitely presented projective object
in Q,AMod.

Proof. Recall from Proposition 5.7 that there are short exact sequences,

F(X) = 0 −→ K(X) −→ F(X) −→ X −→ 0

and G(X) = 0 −→ X −→ G(X) −→ C(X) −→ 0.

(a): Assume that X has finite support. By the short exact sequences above and by
Lemma 5.2 it suffices to argue that the objects F(X) and G(X) have finite support.
By Construction 5.6 and by the definition of support, see 5.1, there are for each
p ∈ Q equalities:

(�14)
F(X)(p) =

⊕
q∈Q Fq(X(q))(p) =

⊕
q∈supp X Fq(X(q))(p),

G(X)(p) =
∏

q∈Q Gq(X(q))(p) =
∏

q∈supp X Gq(X(q))(p).

Now fix q ∈ suppX and recall from 2.5 that one has

(�15)
Fq(X(q))(p) = Q(q, p)⊗k X(q),

Gq(X(q))(p) = Homk(Q(p, q), X(q)).

We see that if Fq(X(q))(p) �= 0 then p must be in the set N+(q), and if Gq(X(q))(p)
�= 0 then p must be in the set N−(q); the sets N±(q) are defined in condition (2) in
2.6. Hence there are inclusions:

supp F(X) ⊆
⋃

q∈supp X N+(q) and suppG(X) ⊆
⋃

q∈supp X N−(q).

By assumption, the set suppX is finite, and so are the sets N±(q) for each q as
Q is locally bounded. Thus, the inclusions above show that F(X) and G(X) have
finite support.

(b): Assume that X belongs to Q,AK. From part (a) we know that F(X), G(X),
K(X), and C(X) have finite support, so it remains to show that for each p ∈ Q
the left A-modules F(X)(p), G(X)(p), K(X)(p), and C(X)(p) are finitely generated
projective. Proposition 5.7 shows that for each p ∈ Q the sequences F(X)(p) and
G(X)(p) are split exact in AMod, so it suffices to see that F(X)(p) and G(X)(p)
are finitely generated projective. Fix p ∈ Q. As Q is Hom-finite, the k-modules
Q(q, p) and Q(p, q) are finitely generated projective for every q ∈ Q. As X(q) is a
finitely generated projective left A-module for every q ∈ Q, it follows from (�15)
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that Fq(X(q))(p) and Gq(X(q))(p) are finitely generated projective left A-modules
for every q ∈ Q. Since suppX is a finite set, (�14) now shows that F(X)(p) and
G(X)(p) are finite direct sums of finitely generated projective left A-modules; hence
F(X)(p) and G(X)(p) are finitely generated projective left A-modules.

(c): From (�14) we know that F(X) is the finite direct sum
⊕

q∈supp X Fq(X(q));

and by [18, Lem. 3.11] each object Fq(X(q)) is finitely presented and projective in

Q,AMod. �

Proposition 5.9. Assume that Q is Hom-finite and locally bounded, i.e. Q satis-
fies conditions (1) and (2) in 2.6. Every strictly perfect object in Q,AMod is of
type FP∞ (see Remark 4.7); in particular, there is an inclusion:

Q,AK ⊆ (Q,AMod)c.

Proof. Consider the endofunctors F and K on Q,AMod from Construction 5.6. For
i � 0 we denote by Ki the i-fold composite K ◦ · · · ◦ K with the convention that
K

0 = Id is the identity functor. Let X ∈ Q,AMod. Pasting together the short
exact sequences,

F(Ki(X)) = 0 −→ K
i+1(X) −→ F(Ki(X)) −→ K

i(X) −→ 0 (i � 0)

coming from Proposition 5.7, we get a long exact sequence,

(�16) · · · −→ F(K2(X)) −→ F(K(X)) −→ F(X) −→ X −→ 0.

If X ∈ Q,AK, then successive applications of Lemma 5.8(b) show that Ki(X) ∈
Q,AK for every i � 0, and hence each F(Ki(X)) is finitely presented and projective
by Lemma 5.8(c). Thus (�16) is a projective resolution of X by finitely presented
(and projective) objects, and it follows that X is of type FP∞. �

Corollary 5.10. Assume Setup 2.9. Every perfect object in DQ(A) is compact,
that is:

Dperf
Q (A) ⊆ DQ(A)c.

Proof. The class of compact objects in DQ(A) is closed under isomorphisms, so
to prove the inclusion Dperf

Q (A) ⊆ DQ(A)c it suffices by Definition 5.3 to argue
that every object K ∈ ⊥E ∩ Q,AK is compact in DQ(A). Recall from 2.10 that
DQ(A) is the homotopy category of Q,AMod equipped with the hereditary abelian
model structure where Q = ⊥E is the class of cofibrant objects and every object is
fibrant. Thus every object K ∈ ⊥E ∩ Q,AK is both cofibrant and fibrant, and by
Proposition 5.9 it is also compact in Q,AMod. Thus, Lemma 4.4 implies that K is
also compact in Ho(Q,AMod) = DQ(A). �

Our next goal is to show that Dperf
Q (A) is even a triangulated subcategory of

DQ(A)c.

Proposition 5.11. Assume Setup 2.9. Consider for X ∈ Q,AMod the exact se-
quences,

F(X) = 0 −→ K(X) −→ F(X) −→ X −→ 0

and G(X) = 0 −→ X −→ G(X) −→ C(X) −→ 0

in Q,AMod from Proposition 5.7. The following assertions hold:

(a) If X ∈ ⊥E , then one has F(X),G(X) ∈ Q,APrj and K(X),C(X) ∈ ⊥E ,
and hence:
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• The sequences F(X) and G(X) are conflations in the exact category
⊥E .

• In the triangulated stable category ⊥E
/
Q,APrj, whose translation func-

tor we denote by Σ, there are isomorphisms ΣX ∼= C(X) and Σ−1X ∼=
K(X).

(b) If X ∈ E ⊥, then one has F(X),G(X) ∈ Q,A Inj and K(X),C(X) ∈ E ⊥,
and hence:

• The sequences F(X) and G(X) are conflations in the exact category
E ⊥.

• In the triangulated stable category E ⊥/
Q,A Inj, whose translation func-

tor we denote by Σ, there are isomorphisms ΣX ∼= C(X) and Σ−1X ∼=
K(X).

Proof. (a): Assume that X belongs to ⊥E . For every q ∈ Q the left A-module
Eq(X) = X(q) is projective by Proposition 3.2(a), and hence FqEq(X) is a projec-
tive object in Q,AMod by [18, Lem. 3.11]. Since the class Q,APrj is closed under
coproducts, it follows that the object F(X) =

⊕
q∈Q FqEq(X) belongs to Q,APrj.

Lemma 3.4 and Proposition 3.7 now imply that also G(X) =
∏

q∈Q GqEq(X) be-

longs to Q,APrj. In particular, the objects X, F(X), and G(X) are in ⊥E . As
the exact sequences F(X) and G(X) are objectwise split by Proposition 5.7, it now
follows from Theorem 3.9(a,b) that K(X) and C(X) are in ⊥E .

As the class ⊥E is closed under extensions in the abelian category Q,AMod,
it naturally inherits the structure of an exact category where the conflations are
short exact sequences 0 → Y ′ → Y → Y ′′ → 0 in Q,AMod with Y ′, Y, Y ′′ ∈ ⊥E .
This explains the first bullet point. The second bullet point is evident from the
general construction/definition of the translation functor in the stable category of
a Frobenius category; see Happel [15, Chap. I§2].

(b): Dual to the proof of part (a). �

Theorem 5.12. Assume Setup 2.9. The subcategory Dperf
Q (A) of DQ(A) is trian-

gulated.

Proof. Write T = ⊥E
/
Q,APrj for the stable category of the Frobenius category

⊥E . Set
K′ = ⊥E ∩ Q,AK.

By [18, Thm. 6.5] there is an equivalence of triangulated categories, DQ(A) � T ;
and via this equivalence, the full subcategory Dperf

Q (A) ⊆ DQ(A) corresponds, in
view of Definition 5.3, to the full subcategory T perf ⊆ T defined by

T perf =

{
X ∈ T

∣∣∣∣There is an isomorphism X ∼= K
in T for some object K ∈ K′

}
.

Thus, it suffices to argue that T perf is a triangulated subcategory of T . We will
verify the requirements in Neeman [30, Dfn. 1.5.1].

As K′ is clearly an additive subcategory of ⊥E ⊆ Q,AMod, it follows that T perf

is an additive subcategory of T . By definition, T perf is closed under isomorphisms
in T .

Let Σ denote the translation functor in the triangulated category T . We must
show that one has Σ(T perf) = T perf ; equivalently, that the following two inclusions
hold:

Σ(T perf) ⊆ T perf and Σ−1(T perf) ⊆ T perf .
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By the definition of T perf , it suffices to prove the inclusions:

Σ(K′) ⊆ T perf and Σ−1(K′) ⊆ T perf .

To establish these inclusions, let X be an object in K′. By part (a) in Proposition
5.11 we have ΣX ∼= C(X) and Σ−1X ∼= K(X), so it suffices to argue that the
objects C(X) and K(X) belong to K′, but this follows from Lemma 5.8(b) and
Proposition 5.11(a).

It remains to prove that if X → Y → Z → ΣX is a distinguished triangle in
T with X,Y ∈ T perf , then one has Z ∈ T perf . Without loss of generality, we can
assume that X and Y belong to K′. Let [α] : X → Y be the morphism from X to
Y in the given distinguished triangle; here α : X → Y is a morphism in Q,AMod
(between objects X,Y ∈ K′ ⊆ ⊥E ) and [α] denote its class (image) in the stable
category T . Consider in the abelian category Q,AMod the pushout diagram below
where the upper exact sequence comes from Proposition 5.7:

(�17)

0 �� X

α

��

(pushout)

�� G(X)

��

�� C(X) �� 0

0 �� Y �� P �� C(X) �� 0.

Recall from Proposition 5.11(a) that C(X) ∼= ΣX in T . The diagram X
[α]−−→ Y →

P → ΣX is a distinguished triangle in T (called a standard triangle), see Happel
[15, Chap. I§2, (2.5)], and hence there exists by [30, Rmk. 1.1.21] an isomorphism
Z ∼= P in T . Thus, to show Z ∈ T perf it suffices to argue that P ∈ K′. As X ∈ K′

we have, as above, C(X) ∈ K′. Since also Y ∈ K′ we can now apply Lemma 5.5 to
the bottom exact sequence in (�17) to conclude that P ∈ K′, as desired. �

We are now ready to show Theorem C from Section 1.

Proof of Theorem C. Theorem 5.12 shows that Dperf
Q (A) is a triangulated subcat-

egory of DQ(A). And it is a general fact that the subcategory DQ(A)c of com-
pact objects is triangulated and thick, see [3, Property 6.3] or more generally
[30, Lem. 4.2.4, Rmk. 4.2.6, and Dfn. 4.2.7]. Corollary 5.10 shows that there is
always an inclusion Dperf

Q (A) ⊆ DQ(A)c.
For each q ∈ Q the object Sq(A) is evidently strictly perfect, see Definition 5.3,

and it also belongs to ⊥E by Proposition 3.2(a). Thus, Sq(A) belongs to Dperf
Q (A),

again by Definition 5.3. By Theorem D in Section 1 (proved in Section 4) we have

DQ(A)c = Thick({Sq(A)|q ∈ Q}).
It follows that if the subcategoryDperf

Q (A) is thick, then one hasDQ(A)c ⊆ Dperf
Q (A),

and hence equality holds, i.e. DQ(A)c = Dperf
Q (A). Conversely, if this equality holds,

then the subcategory Dperf
Q (A) must be thick, as this is true for DQ(A)c. �

The Strong Retraction Property allows one to define a notion of cycles.

Definition 5.13. Assume that Q satisfies the Strong Retraction Property, i.e. con-
dition (4) in 2.6 holds. A cycle in Q (more precisely, a r-cycle, where r is the
pseudo-radical of Q) is a sequence of n � 1 morphisms in Q,

q1
g1

�� q2
g2

�� · · ·
gn−1

�� qn
gn

�� qn+1 ,
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where q1 = qn+1 and 0 �= gi ∈ r for every i = 1, . . . , n. The number n is called the
length of the cycle. A cycle of length n = 1 is called a loop.

Recall from 2.8 the functor Kq. Let X ∈ Q,AMod. As shown in [18, Prop. 7.18]
the left A-module Kq(X) is isomorphic to

⋂
g∈r(q,∗)KerX(g) where the intersection

is taken over all morphisms g ∈ r with domain q. In particular, Kq(X) can be seen
as a submodule of X(q).

Lemma 5.14. Assume that Q satisfies the Strong Retraction Property, i.e. condi-
tion (4) in 2.6 holds. Assume furthermore that Q has no cycles. If an object X �= 0
in Q,AMod has finite support, then there exists q ∈ suppX with Kq(X) = X(q).

Proof. Suppose (for contradiction) that Kq(X) �= X(q) holds for every q ∈ suppX.
Since X is non-zero, it has non-empty support, so we can choose an element q1 ∈
suppX. By assumption we have Kq1(X) �= X(q1); this means that there exists
some g1 : q1 → q2 in r with X(g1) �= 0; in particular, g1 �= 0 and q2 ∈ suppX. Note
that q1 �= q2 as Q has no cycles. By assumption we have Kq2(X) �= X(q2), so as
before there exists some g2 : q2 → q3 in r with X(g2) �= 0; in particular, g2 �= 0 and
q3 ∈ suppX. Note that q3 �= q1 and q3 �= q2 as Q has no cycles. Continuing in this
manner, we construct an infinite sequence,

q1
g1

�� q2
g2

�� q3
g3

�� · · · ,

of morphisms in r where eachX(gi) is non-zero and q1, q2, q3, . . . are different objects
in suppX. However, this contradicts the assumption that X has finite support. �

Remark 5.15. A similar argument shows that if an object X �= 0 in Q,AMod has
finite support, then there also exists some p ∈ suppX with Cp(X) = X(p).

We now prove Theorem B from Section 1.

Proof of Theorem B. (b): IfA has finite left global dimension, the inclusion Q,AK ⊆
⊥E follows from Definition 5.3 and Theorem E from Section 1 (proved in Section
3).

Next consider the case whereQ has no cycles (andA is arbitrary). LetX ∈ Q,AK;
we must show that X belongs to ⊥E . We argue by induction on the cardinal-
ity n = | suppX| of the support of X. If n = 0, then suppX = ∅ and hence
X = 0 ∈ ⊥E . Now assume that n > 0 and that every Y ∈ Q,AK with | supp Y | < n
belongs to ⊥E . By Lemma 5.14 there exists q ∈ suppX with Kq(X) = X(q). Let
εq be the counit of the adjunction (Sq,Kq) from 2.8 and note that the morphism

Sq(X(q)) = SqKq(X)
εXq

�� X

is monic as εXq (q) : X(q) → X(q) is the identity map and εXq (p) : 0 → X(p) is the
zero map for p �= q. Thus there is a short exact sequence in Q,AMod,

0 −→ Sq(X(q)) −→ X −→ Y −→ 0,

where Y (q) = 0 and Y (p) = X(p) for p �= q. It follows that Y ∈ Q,AK with
| supp Y | = n− 1, and hence Y belongs to ⊥E by the induction hypothesis. As the
left A-module X(q) is (finitely generated and) projective, one has Sq(X(q)) ∈ ⊥E
by Proposition 3.2(a). As the class ⊥E is closed under extensions, see Theorem
3.9(a), we conclude that X is in ⊥E .
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(c): Having established the inclusion Q,AK ⊆ ⊥E , the assertion follows directly
from the definition, 5.3, of perfect objects.

(a): By part (c), every strictly perfect object is perfect in DQ(A) and every such
object is compact in DQ(A) by Corollary 5.10. �

We end this paper with an appendix that contains a proof of Theorem A from
Section 1. In fact, we prove the more general Theorem A.3, which shows that
the conclusions in parts (a)–(c) of Theorem B (from Section 1) may fail without
further assumptions on the category Q or the ring A (like conditions (1) or (2) of
that theorem).

Appendix A. An example of a strictly perfect non-compact object

Let k be any commutative, noetherian, and hereditary ring (e.g. k is a field or
k = Z) as in Setup 2.9, and consider the commutative noetherian k-algebra

A = k[X,Y ]/(X2, XY ).

We write x and y for the images of X and Y in the quotient ring A. Note that in A
one has x2 = xy = 0; moreover, A is a free k-module with basis {1, x, y, y2, y3, . . .}.

We consider the Jordan quiver; it has a single vertex (∗) and a single loop (ε):

Γ : ∗ ε��

equipped with the relation ε2 = 0. Let Q be the path category of Γ over k modulo
the ideal generated by ε2; in symbols: Q = kΓ/(ε2). Clearly there is an equivalence
of categories,

Q,AMod � Diff(A),

where Diff(A) denotes the category of differential A-modules. An object in Diff(A)
is a pair (X, d) where X is an A-module and d is an endomorphism of X with
d2 = 0.

Remark A.1. As the path algebra of Γ over k modulo the ideal generated by ε2 is
the ring k[ε]/(ε2) of dual numbers over k, the category Q,AMod is also equivalent
to the category of modules over A[ε]/(ε2). However, we will work with the category
Diff(A) instead.

A.2. It is easily seen that Q satisfies all the assumptions in 2.6 and the ideal r = (ε)
generated by ε is a pseudo-radical in Q with r2 = 0. Hence we are in the setting of
Setup 2.9 so the results and definitions from 2.10 apply. The category Q has only
one object, which we denote by “∗”. In this case the funtors F∗ and S∗ from 2.5
and 2.8 are given by

F∗(M) =
(
M2, [ 0 0

1 0 ]
)

and S∗(M) = (M, 0)

for M ∈ AMod; elements in M2 are viewed as column vectors. The stalk differen-
tial module S〈∗〉 = S∗(k) = (k, 0) in Diff(k), see 2.7, has the following projective
resolution:

· · ·
[ 0 0
1 0 ]

�� F∗(k)
[ 0 0
1 0 ]

�� F∗(k)
[ 0 0
1 0 ]

�� F∗(k)
[ 1 0 ]

�� S〈∗〉 �� 0 .

Let (X, d) be in Diff(A). Applying the functor HomDiff(k)(−, (X, d)) to the non-
augmented version of the projective resolution above, and using the natural isomor-
phism

HomDiff(k)(F∗(k), (X, d)) ∼= Homk(k, X) ∼= X
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from 2.5, one gets the complex 0 −→ X
d−→ X

d−→ X
d−→ · · · . It follows that the

cohomology Hi
[∗](X, d) for i > 0, see 2.7, is the ordinary (co)homology H(X, d) =

Ker d/ Im d for differential modules. The same is true for homology, i.e. H[∗]
i = H

for every i > 0. Thus:

• A differential A-module (X, d) is exact in the sense of [18, Dfn. 4.1] (see
also 2.10) if and only if H(X, d) = 0, that is, Ker d = Im d. This follows
from [18, Thm. 7.1].

• A morphism ϕ of differential A-modules is a weak equivalence in the pro-
jective (or injective) model structure on Diff(A), see [18, Thm. 6.1 and
Prop. 6.3] (and 2.10) if and only if H(ϕ) is an isomorphism. This follows
from [18, Thm. 7.2].

As x2 = 0 holds in A the pair (A, x) is a differential A-module. The goal of
this appendix is to prove the next result; it contains Theorem A from Section
1 and shows that the conclusions in parts (a)–(c) of Theorem B (from Section
1) may fail without further assumptions on Q or A. Note that the category Q
under investigation in this appendix has a loop, and the ring A has infinite global
dimension, so neither assumption (1) nor (2) in Theorem B is satisfied in this case.

Theorem A.3. Let the rings k and A be as above. The following assertions hold.

(a) (A, x) is a strictly perfect object in Diff(A).
(b) (A, x) does not belong to ⊥E .
(c) (A, x) is neither perfect nor compact in Ho(Diff(A)).

As stated in part (b) of the theorem above, (A, x) does not belong to ⊥E ; that
is, (A, x) is not a cofibrant object in the projective model structure on Diff(A). In
Proposition A.13 we give a cofibrant replacement of (A, x); to construct it we need
Zeckendorf expansions, which we now explain.

A.4. Consider the Fibonacci numbers F−2, F−1, F0, F1, F2, F3, . . . defined by

F−2 = 0, F−1 = 1 and Fi = Fi−1 + Fi−2 for i � 0;

that is F0 = 1, F1 = 2, F2 = 3, F3 = 5, F4 = 8, F5 = 13, F6 = 21, F7 = 34 etc.
Zeckendorf’s theorem [35] (see also Dekking [5]) asserts that for every n ∈ N0

there exists a unique sequence [n]Z = · · · d2d1d0 of digits di ∈ {0, 1}, called the
Zeckendorf expansion of n, satisfying

n = d0F0 + d1F1 + d2F2 + · · · and di · di+1 = 0 for all i � 0.

The last condition means that in the Zeckendorf expansion the digit combination
· · · 11 · · · (with two consecutive 1’s) is not allowed. Without this condition the
Zeckendorf expansion would not be unique as e.g. 6 = F0 + F1 + F2 = F0 + F3.

A number n ∈ N0 is said to have even respectively, odd, Zeckendorf expansion if
one has d0 = 0, respectively, d0 = 1, in the Zeckendorf expansion [n]Z = · · · d2d1d0
of n. For example, the numbers 49 and 50 have even Zeckendorf expansions [49]Z =
10100010 and [50]Z = 10100100 while 51 has odd Zeckendorf expansion [51]Z =
10100101.
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For every i � 1 we let e(i), respectively, o(i) be the ith number in N0 whose
Zeckendorf expansion is even, respectively, odd. The first few values of the functions
e and o are:

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 · · ·
e(i) 0 2 3 5 7 8 10 11 13 15 16 18 20 21 23 · · ·
o(i) 1 4 6 9 12 14 17 19 22 25 27 30 33 35 38 · · ·

The number sequences e(1), e(2), e(3), . . . and o(1), o(2), o(3), . . . can be found in the
OEIS [9, A022342 and A003622]. By Zeckendorf’s theorem, mentioned above, one
has

{e(1), e(2), e(3), . . .} � {o(1), o(2), o(3), . . .} = N0.

We shall need the following well-known formula, also recorded in the OEIS [9,
A003622],

(�18) o(i) = e(e(i) + 1) + 1 for every i � 1.

Definition A.5. Define an N× N matrix ∂ with entries from A as follows:

• If i ∈ N is a number with odd Zeckendorf expansion (i = 1, 4, 6, 9, . . .),
then

(�19) ∂ij =

{
x if j = e(i+ 1)
0 otherwise.

• If i ∈ N is a number with even Zeckendorf expansion (i = 2, 3, 5, 7, 8, . . .),
then

(�20) ∂ij =

⎧⎨
⎩
x if j = e(i+ 1)
y if j = e(i+ 1) + 1
0 otherwise.

Thus, the upper left 13× 20 corner of ∂ looks like this:

∂ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 x 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 · · ·
0 0 x y 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 · · ·
0 0 0 0 x y 0 0 0 0 0 0 0 0 0 0 0 0 0 0 · · ·
0 0 0 0 0 0 x 0 0 0 0 0 0 0 0 0 0 0 0 0 · · ·
0 0 0 0 0 0 0 x y 0 0 0 0 0 0 0 0 0 0 0 · · ·
0 0 0 0 0 0 0 0 0 x 0 0 0 0 0 0 0 0 0 0 · · ·
0 0 0 0 0 0 0 0 0 0 x y 0 0 0 0 0 0 0 0 · · ·
0 0 0 0 0 0 0 0 0 0 0 0 x y 0 0 0 0 0 0 · · ·
0 0 0 0 0 0 0 0 0 0 0 0 0 0 x 0 0 0 0 0 · · ·
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 x y 0 0 0 · · ·
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 x y 0 · · ·
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 x · · ·
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 · · ·
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

For every n � 1 let ∂n denote the n× n upper left corner of ∂, for example

∂1 =
[
0
]
, ∂2 =

[
0 x
0 0

]
, ∂3 =

⎡
⎣0 x 0
0 0 x
0 0 0

⎤
⎦ , and ∂4 =

⎡
⎢⎢⎣
0 x 0 0
0 0 x y
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ .

https://oeis.org/A022342
https://oeis.org/A003622
https://oeis.org/A003622
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Remark A.6. Note that ∂ is both row and column finite, that is, each row and each
column in ∂ contains only finitely many (actually at most two) non-zero entries.
Futhermore, every entry in ∂ is either 0, x or y.

We view elements in A(N) and An as column vectors.

Lemma A.7. One has ∂2 = 0 and ∂2
n = 0 for every n � 1; whence the pairs

(A(N), ∂) and (An, ∂n) are differential A-modules.

Proof. Note that for each n � 1 we can write ∂ as a block matrix of the form

∂ =

[
∂n ∗
0 ∗

]
and hence ∂2 has the form ∂2 =

[
∂2
n ∗
0 ∗

]
.

Thus, it suffices to argue that ∂2 = 0 holds. Fix i, j ∈ N. Entry (i, j) in the matrix
∂2 is the sum sij =

∑
k∈N

∂ik∂kj , so we must argue that sij is zero.
If i has odd Zeckendorf expansion, then by (�19) one has sij = x · ∂e(i+1),j , which

is zero as ∂e(i+1),j belongs to {0, x, y} and x2 = xy = 0 holds in A.
If i has even Zeckendorf expansion, then (�20) yields sij = x · ∂e(i+1),j + y ·

∂e(i+1)+1,j . As above, the first term in this sum is zero. As the number i has even
Zeckendorf expansion, it has the form i = e(�) for some � > 1. Thus e(i+ 1) + 1 =
e(e(�) + 1) + 1 = o(�) by (�18), so the number e(i + 1) + 1 has odd Zeckendorf
expansion. Hence ∂e(i+1)+1,j is in {0, x} by (�19), and since yx = 0 holds in A the
second term in the sum sij is zero as well. �

Lemma A.8. For every n � 1 there is a short exact sequence of differential A-
modules,

0 �� (An, ∂n)
ιn = [ 10 ]

�� (An+1, ∂n+1)
[ 0 1 ]

�� (A, 0) �� 0

Proof. Since the differential module (An+1, ∂n+1) can be written as

(An+1, ∂n+1) =

( An

⊕
A

,

[
∂n ∗
0 0

])
,

the assertion follows immediately. �

Lemma A.9. In the abelian category Diff(A), the (filtered) colimt of the telescope

(�21) (A, ∂1) ��
ι1

�� (A2, ∂2) ��
ι2

�� (A3, ∂3) ��
ι3

�� · · ·

is the differential module (A(N), ∂). In symbols: (A(N), ∂) = lim−→n�1
(An, ∂n).

Proof. This is evident from the definitions of (An, ∂n) and (A(N), ∂). �

Proposition A.10. The differential modules (A(N), ∂) and (An, ∂n) for n � 1
belong to ⊥E .

Proof. The class P in Proposition 3.2(a) is P = {(P, 0) |P ∈ APrj}. By Lemma
A.8 each ιn is a monomorphism with cokernel (A, 0), which belongs to P. Recall
from Definition A.5 that ∂1 = 0 holds, and therefore (A, ∂1) is also equal to (A, 0).
Hence (�21) is a P-filtration of (A(N), ∂) = lim−→n�1

(An, ∂n) and the assertion follows
from Proposition 3.2(a). �
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To parse the next result, recall from Neeman [30, Dfn. 1.6.4] the definition of ho-
motopy colimits in a triangulated category. Recall from 2.10 that ⊥E is a Frobenius
category and its stable category is therefore triangulated by Happel [15, Chap. I§2].

Corollary A.11. In the stable category of the Frobenius category ⊥E , the object
(A(N), ∂) is the homotopy colimit of the sequence (�21). In symbols: (A(N), ∂) =
hocolimn�1(A

n, ∂n).

Proof. We know from Proposition A.10 that (An, ∂n) and (A(N), ∂) are objects in
⊥E . As (A(N), ∂) is the direct limit of (�21) in Diff(A) there is a short exact
sequence in Diff(A),

(�22) 0 ��
⊕

n∈N
(An, ∂n)

ι
��
⊕

n∈N
(An, ∂n) �� (A(N), ∂) �� 0 ,

where σ is the morphism given by

ι(x1, x2, x3, . . .) = (x1, x2 − ι1(x1), x3 − ι2(x2), . . .).

As the class ⊥E is closed under coproducts in Diff(A), the sequence (�22) is a con-
flation in the Frobenius category ⊥E . It now follows from Happel [15, Chap. I§2.7]
that there is a distinguished triangle,⊕

n∈N
(An, ∂n)

ι
��
⊕

n∈N
(An, ∂n) �� (A(N), ∂) �� ,

in the stable category of ⊥E . By definition, see [30, Dfn. 1.6.4], this means that
(A(N), ∂) is the homotopy colimit of the sequence (�21) the stable category of ⊥E .

�

Lemma A.12. For a, b ∈ A one has ax + by = 0 if and only if a ∈ (x, y) and
b ∈ (x).

Proof. This follows easily from the fact that A is free over k with basis
{1, x, y, y2, y3, . . .} and from the relations x2 = xy = 0 in A. �

Proposition A.13. There is a weak equivalence in Diff(A),

ϕ : (A(N), ∂)
∼−→ (A, x) given by (a1, a2, a3, . . .) �−→ y a1;

so (A(N), ∂) is a cofibrant replacement of (A, x) in the projective model structure on
Diff(A).

Proof. For every element (a1, a2, . . .) in A(N) one has

ϕ∂(a1, a2, . . .) = ϕ(xa2, xa3 + ya4, . . .) = yxa2 = 0 = xya1 = xϕ(a1, a2, . . .),

so ϕ is a morphism of differential A-modules. As (A(N), ∂) is in ⊥E by Proposition
A.10, it is a cofibrant object in the projective model structure on Diff(A), see 2.10.
Below we show

(�23) H(A(N), ∂) = A/(x) ⊕ 0 ⊕ 0 ⊕ · · · ,

and clearly H(A, x) = (x, y)/(x). Thus, the map H(ϕ) is the map A/(x) →
(x, y)/(x) given by multiplication with the element y. Since this is evidently an
isomorphism, ϕ is a weak equivalence by A.2. It remains to prove (�23), which
requires a bit more work:
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It follows directly from the definition of ∂, see Definition A.5, that its image is
a direct sum, Im ∂ =

⊕
i∈N

Ii , where

(�24) Ii =

{
(x) if i has odd Zeckendorf expansion
(x, y) if i has even Zeckendorf expansion

(i ∈ N).

That is,

Im ∂ = I1 ⊕ I2 ⊕ I3 ⊕ I4 ⊕ I5 ⊕ · · · = (x)⊕ (x, y)⊕ (x, y)⊕ (x)⊕ (x, y)⊕ · · · .
If (a1, a2, a3, . . .) ∈ A(N) belongs to Ker ∂, then the definition of ∂ shows that one
has{

xae(i+1) = 0 if i has odd Zeckendorf expansion
xae(i+1) + yae(i+1)+1 = 0 if i has even Zeckendorf expansion

(i ∈ N).

By Lemma A.12 this means that{
ae(i+1)+1 ∈ (x) for every i ∈ N with even Zeckendorf expansion, and
ae(i+1) ∈ (x, y) for every i ∈ N.

When i ranges over N, the values e(i+1) ranges over all natural numbers with even
Zeckendorf expansion; thus the last condition above is equivalent to saying that
aj ∈ (x, y) for every j ∈ N with even Zeckendorf expansion. As just mentioned,
every i ∈ N with even Zeckendorf expansion has the form i = e(�) for some � � 2,
so the first condition above can be phrased as: ae(e(
)+1)+1 ∈ (x) for every � � 2.
By using (�18), this is exactly the same as: ao(
) ∈ (x) for every � � 2. When �
ranges over numbers � 2, the values o(�) ranges over all natural numbers j with
odd Zeckendorf expansion – except for j = 1. Thus the first condition above is
equivalent to saying that aj ∈ (x) for every j > 1 with odd Zeckendorf expansion.
In conclusion: an element (a1, a2, a3, . . .) ∈ A(N) belongs to Ker ∂ if and only if{

aj ∈ (x) for every j > 1 with odd Zeckendorf expansion, and
aj ∈ (x, y) for every j ∈ N with even Zeckendorf expansion;

note that there is no condition on the element a1 ∈ A. Consequently, the kernel of
∂ is a direct sum, Ker ∂ =

⊕
j∈N

Kj , where

(�25) Kj =

⎧⎨
⎩

A if j = 1
(x) if j > 1 has odd Zeckendorf expansion
(x, y) if j has even Zeckendorf expansion

(j ∈ N).

That is,

Ker ∂ = K1 ⊕K2 ⊕K3 ⊕K4 ⊕K5 ⊕ · · · = A⊕ (x, y)⊕ (x, y)⊕ (x)⊕ (x, y)⊕ · · · .
Comparing (�24) and (�25) we see that I1 = (x) ⊂ A = K1 while Ii = Ki for every
i > 1. As one has Ker ∂/ Im ∂ =

⊕
i∈N

Ki/Ii, equality (�23) follows. �

Remark A.14. Since we view elements in A(N) as column vectors, the map ϕ from
Proposition A.13 could be written as the 1× N matrix ϕ = [y 0 0 · · · ].

Proof of Theorem A.3. (a): It is immediate from Definition 5.3 that (A, x) is a
strictly perfect object in Diff(A). (In the situation at hand, the category Q has
just one object, so every object in Q,AMod � Diff(A) actually has finite support.)

(b): Note that there is an epimorphism of differential A-modules:

F∗(A) =
(
A2, [ 0 0

1 0 ]
) [ 1 x ]

�� �� (A, x) .
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By adding this epimorphism to the morphism ϕ from Proposition A.13 we get, in
view of Remark A.14, the epimorphism

(L, d) :=

(
A2

⊕
A(N)

,

[
0 0
1 0 0
0 ∂

])
ψ = [ 1 x | y 0 0 ··· ]

�� �� (A, x) .

As F∗(A) is exact and ϕ is a weak equivalence, the morphism ψ is a weak equivalence
too. Now, consider in Diff(A) the short exact sequence,

0 �� Ker ψ �� (L, d)
ψ

�� (A, x) �� 0 .

In the projective model structure on Diff(A) every object is fibrant, see 2.10, and
hence the fibrations in this model structure are nothing but epimorphisms, see
[20, Dfn. 5.1]. Thus, ψ is a fibration. Since ψ is also a weak equivalence, it
follows from [20, Lem. 5.8] that its kernel is exact, that is, Ker ψ ∈ E . (Using
the same method as in the proof of Proposition A.13, it is not hard to show that
H(Ker ψ) = 0. Some readers may prefer this more direct approach.) Thus, if (A, x)
were an object in ⊥E , then Ext1Diff(A)((A, x),Ker ψ) = 0 would hold and hence the
short exact sequence above would split. But this is impossible; indeed, we now
prove that ψ does not have a right inverse (= a section).

Suppose that σ : (A, x) → (L, d) is a right inverse of ψ in Diff(A). Every A-linear
map A → A2 ⊕A(N); in particular, σ, has the form

σ(a) = (b′a, b′′a, b1a, b2a, . . .) , a ∈ A

for some fixed elements b′, b′′, b1, b2, . . . in A (of which only finitely many are non-
zero). As σ is a morphism of differential modules, one has dσ = σx; in particular:

(0, b′, b2x, . . .) = d(b′, b′′, b1, . . .) = dσ(1) = σ(x) = (b′x, b′′x, b1x, . . .).

By comparing the second coordinates (which is all we need for the argument), we
see that b′ = b′′x holds. As σ is a right inverse of ψ we have:

1 = ψσ(1) = ψ(b′, b′′, b1, b2, . . .) = b′ + b′′x+ b1y = 2b′′x+ b1,

where the last equality holds by the just established relation b′ = b′′x. But this is
impossible since 1 does not belong to the maximal ideal (x, y) ⊂ A.

(c): To prove that (A, x) is neither perfect nor compact in DQ(A) � Ho(Diff(A)),
it suffices by Corollary 5.10 to argue that (A, x) is not compact. To this end,
let T be the stable category of the Frobenius category ⊥E and recall from 2.2
that the inclusion functor ⊥E → Diff(A) induces a triangulated equivalence T →
Ho(Diff(A)). By Proposition A.13 the objects (A, x) and (A(N), ∂) are isomorphic
in Ho(Diff(A)) and by Proposition A.10 the object (A(N), ∂) is in T . Hence (A, x)
will be a compact object in Ho(Diff(A)) if and only if (A(N), ∂) is a compact object
in T . We now show that (A(N), ∂) is not compact in T .

By Corollary A.11 we have (A(N), ∂) = hocolimn�1(A
n, ∂n) in T , so if (A(N), ∂)

is compact, then the canonical homomorphism

(�26) lim−→n�1
HomT ((A

(N), ∂), (An, ∂n)) −→ HomT ((A
(N), ∂), (A(N), ∂))

is an isomorphism; see Neeman [29, Lem. 2.8] or Rouquier [32, Lem. 3.12]. In
particular, the identity morphism on (A(N), ∂) is in the image of the map (�26),
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which implies that:

(�27) In T the object (A(N), ∂) is a direct summand of some (An, ∂n).

Now consider the ring homomorphism A � A/(x, y) = k and the following compo-
sition of functors, where the first functor is the inclusion and the third functor is
the canonical one:

⊥E �� Diff(A)
k⊗A−

�� Diff(k) �� Ho(Diff(k)) .

The functor k ⊗A − preserves projective objects, and every projective object in
Diff(k) is exact and hence mapped to zero in Ho(Diff(k)). It follows that the
composite functor above induces a functor k ⊗A − : T → Ho(Diff(k)). From (�27)
we now conclude that

(�28) In Ho(Diff(k)) the object (k(N), 0) is a direct summand of some (kn, 0).

Here we have used that k ⊗A ∂ = 0 and k ⊗A ∂n = 0 since the matrices ∂ and
∂n have entries in the ideal (x, y) ⊂ A, see Definition A.5. Finally, we apply the
homology functor H: Ho(Diff(k)) → kMod. From (�28) we now conclude that in
the category kMod the module k(N) is a direct summand of kn for some n � 1. But
this is impossible. �
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